In this paper we …nd that the di¤usion pattern of mobile telephony in Colombia can be best characterised as following a Logistic curve. Although in recent years the rate of growth of mobile phone subscribers has started to slow down, we …nd evidence that there is still room for further expansion as the saturation level is expected to be reached in …ve years time. The estimated saturation level is consistent with some individuals possessing more than one mobile device. JEL Classi…cation: C53; L96; O30.
Introduction
In a little over a decade, the mobile telephony industry has exhibited an impressive growth throughout the world, with developed (or high-income) countries expanding not as rapidly as less developed (or non-high-income) countries. Banerjee and Ros (2004) , for example, indicate that between 1995 and 2001 mobile subscribers grew at much lower (compound annual growth) rates in regions of the world such as Canada / USA (25.1%), Japan / South Korea / Hong Kong / Singapore (40.8%) and OECD European countries (53.3%), than in Rest of Americas (67.4%), Rest of Asia (72.5%) and Africa (84.7%). These di¤erential growth rates re ‡ect the fact that developing countries adopted mobile telephony later, and so bene…ted from the experiences of developed countries which had adopted the new technology earlier.
According to Banerjee and Ros (2004) , the markedly di¤erent growth path observed across countries has been driven either by economic or technological substitution.
That is, in countries where both …xed (or wireline) and mobile network services are of acceptable quality, prices appear to provide the signalling mechanism that guides substitution. By contrast, in countries where access to …xed telephony has been limited or the service is of poor quality, consumers have found in mobile services a good substitute for …xed network services regardless of the relatively high price of the former. 1 There are several studies concerning the growth pattern of mobile telephony markets, and most of them are linked to the di¤usion theory. Illustrative examples of country-case studies are Barros and Caddima (2000) , Botelho and Costa Pinto (2004) and Carvalho (2006) for Portugal; Michalakelis, Voroutas, and Sphicopoulos (2008) for Greece; Singh (2008) for India; Doganoglu and Grzybowski (2007) for Germany. Examples of comparative studies for several countries are Jang, Dai, and Sung (2005) for OECD countries and Taiwan; and Gruber and Verboven (2001) for the 15 members states of the European Union. Massini (2004) distinguishes between short-run and long-run e¤ects in the di¤usion process of mobile phones in Italy and the United Kingdom and …nds that handset prices, tari¤s and consumption expenditures a¤ect di¤usion speed and saturation levels, while Grajek and Kretschmer (2008) examine the dynamics of usage intensity in 41 countries using quarterly data over a period of 6 years. A salient common feature of these studies is that the sample size available for estimation purposes is small; in most cases it is lower than 20 (quarterly or yearly) observations. This, of course, is explained by the fact that the mobile telecommunications sector is a recent technological development.
The studies cited above typically examine the penetration of mobile phones by means of the estimation of S-shaped growth curves, such as the Logistic and the Gompertz curves, and present estimates of the speed of di¤usion and saturation level (or maximum size) of the market. The usefulness of S-shaped curves relies on the fact that they depict the life cycle of a new product entering a market: growth starts o¤ slowly, then accelerates, and …nally slows down again until the saturation level is reached.
2 To rationalise the derivation of the Logistic curve one must postulate a di¤erential equation where the relative growth rate of a product decreases monotonically with time, while in the case of the Gompertz curve the relative growth rate decreases in an exponential fashion; see Winsor (1932) and the references therein.
The purpose of this paper is to complement the body of literature that examines the pattern of di¤usion of mobile telecommunications, by considering the case of a Latin American country such as Colombia. We believe that the study of the Colombian case is interesting for several reasons: First, Colombia is a country where mobile telephony has complemented …xed telephony due to technological rather than economic reasons. Indeed, the country's diverse geography has historically limited the coverage and access of the …xed telephony network, especially in rural and remote areas of the country. Moreover, in urban areas quality of service in …xed telephony was mixed, and waiting times for new phone lines were long. Second, some private 2 For more details on tecnology di¤usion see e.g. Geroski (1999) and Rogers (2003) .
leasing contracts became an obstacle for the di¤usion of …xed telephony, because in many cases it was strictly forbidden for tenants to install phone lines in the properties they leased, in order to prevent them from leaving unpaid telephone bills when moving to another property. Mariscal (2007) , who analyses the pattern of expansion that the mobile telephony sector has experienced in Mexico in the context of the Latin American region; the estimation of S-shaped growth curves is not considered in Mariscal's paper though.
Our paper di¤ers in two important aspects from existing literature on the diffusion of mobile telephony. First, we apply the testing procedure developed by Franses (1994b) and Franses (1998) Once Ola entered the market, prices went down and this attracted many new users.
After a brief period of time some new users moved to another operator, since Ola experienced severe network capacity limitations. 6 Currently, the mobile telecommunications sector in Colombia is characterised by a dominant operator (Comcel) with approximately 63% of the subscribers, followed by Movistar with a market share of 22%, and Tigo with the remaining 15%. Figure 1a .
shows that the average revenue per user (ARPU) has exhibited a downward trend since the introduction of mobile phones, which appears consistent with the behaviour observed in other countries; see e.g. Hausman (2002) , McCloughan and Lyons (2006) and Mariscal (2007) . Industry regulators argued that a downward trend in ARPU re ‡ects a more competitive market. For example, during the last …ve years business practices by the two main service providers in Latin America, i.e. Telefónica and America Movil, have led to lowering prices with the aim of attracting new customers. Figure 1b. shows that the average number of minutes per user exhibits a U-pattern.
The time period during which the indicator increases coincides with the introduction of prepayment pricing structures, and the appearance of informal street markets where some individuals resale minutes in mobile phones. 7 Figure 1c . graphs the 6 The data used to calculate the HHI are not reported here, but are available from the authors upon request.
7 These informal street markets can be thought of as playing the role that public phones used to play in the past, the only di¤erence being that this time they are owned by the "private" sector; see e.g. Gamboa and Gutierrez (2008) . It is worth mentioning that during the last couple of years or so the number of subscribers has started to grow more slowly.
Time-series models for market penetration
One of the most frequently used functional forms to characterise situations that arise when a new product is entering a market is the so called S-curve. Unlike standard linear, quadratic or polynomial trend models, an S-shaped curve allows one to model the key feature of a marketing time series: the fact that the series converges to a maximum level; in other words, the series is bounded both below and above. The idea underlying an S-curve is that penetration into a market is typically slow at …rst, then follows a period of rapid acceleration through the adoption of the new product by the majority (also known in the literature as "critical mass", see e.g. Fildes and Kumar (2002) and Michalakelis, Voroutas, and Sphicopoulos (2008) ), and …nally the growth rate slows down again so that the level of sales of the new product converges to some saturation level. Early uses of S-curves include applications in biology (growth of organisms), demography (population growth) and economics (economic growth); see the references cited in Winsor (1932) .
Mathematically, there are many di¤erent equations that can be used to represent an S-shaped curve. Perhaps the two most common equations are the Gompertz (1825) growth curve, given by
and the Logistic growth curve, given by
In these equations is a positive parameter that indicates the saturation level of the time series y t , and are also positive parameters of location and shape, and t is a linear time trend (t = 1; :::; T ). Both the Gompertz and Logistic curves involve the estimation of three parameters, and range between a lower asymptote of 0 and an upper asymptote of . For both the Gompertz and logistic curves the point of in ‡ection occurs at time t = log( ) , and the corresponding ordinate at the point of in ‡ection is y t = exp in the Gompertz curve, and y t = 2 in the Logistic curve.
The mathematical properties of the Gompertz and Logistic curves are summarised in Winsor (1932) ; see also e.g. Franses (1998) .
The parameters in equations (1) and (2) must be estimated using non-linear least squares (NLS), after providing suitably chosen starting values, since the two curves are non-linear in the parameters of interest. The estimated parameters can be then used to obtain out-of-sample forecasts of the variable y t , and forecast intervals can be estimated using a parametric bootstrap, as recommended in Franses (1994a) . To implement the bootstrap procedure suppose we have T 1 observations for estimation, and that forecasts are required for T 2 periods ahead. Suppose further that the estimated regression equation variance is^ 2 . The bootstrap procedure involves generating (T 1 + T 2 ) observations for " t N 0;^ 2 , and then generating the bootstrap values of y t , denoted as y t , which in the case of the Gompertz curve are given by:
and in the case of the Logistic curve are given by:
where^ ,^ and^ are the NLS estimates of , and , respectively. Next, equation
(1), or (2), is re-estimated using the …rst T 1 observations of y t , and forecasts are generated for the remaining T 2 observations. The procedure described previously is repeated B times, obtaining B forecasts for each horizon. Finally, one can calculate the mean of the B forecasts for each horizon and, for example, a 95 per cent con…dence interval for the forecasts can be obtained by …nding the 2.5 and 97.5 percentiles in the list of B forecasts for each horizon 8 .
We consider a data set consisting of the number of mobile phone subscribers in Colombia. It is worth mentioning that the number of subscribers is not the same as the number of mobile telephony users for four main reasons. First, Colombia is perhaps one of the few countries in the world that is characterised by the operation of an informal street market where some individuals (who typically own one or two mobile devices for each service operator) resell minutes. Second, individuals may posses mobile devices for personal and business purposes, where the latter is paid by their employer. Third, a common business practice is that when customers intend to upgrade their mobile devices, service operators assign a new mobile device with its corresponding subscriber identify module (SIM) card, and o¤er the option of maintaining the older device in the modality of prepayment. Fourth, operators, in an attempt to increase their market share, have started to o¤er service plans that involve giving two SIM cards (that is, two di¤erent phone numbers) to new users.
For all these reasons, a subscriber is not an individual but an "account" with a mobile telephony provider.
The data are quarterly (end-of-period) and runs from 1995Q4 to 2008Q2, for a total of T = 51 observations. The data were collected from worksheets produced by the Ministry of Communications of Colombia. As in Franses (1994a) , the available raw observations are smoothed by running a regression of the number of subscribers at time t on an intercept, the number of subscribers at time t 1, and on the new subscriptions at time t, and by taking the …tted values of such a regression as the smoothed series.
The …rst stage of our empirical analysis involves selecting between the two most often applied functional form speci…cations, namely the Gompertz curve and the Logistic curve. In order to do this, we follow Franses (1994b) and Franses (1998) , who develops a simple testing procedure to select between the two speci…cations.
critical points of the interval forecast is what some authors refer to as the Efron percentile method; see e.g. Clements (2005) .
The starting point of the test is the fact that the Gompertz curve given in equation
(1) can be rewritten as:
log ( log (y t )) = + t;
where y t is the time series of interest, log denotes the natural logarithm, is the …rst di¤erence operator, and and are non-linear functions of the parameters and . In turn, the Logistic curve given in equation (2) can be rewritten as:
log ( log (y t )) = + 1 t + 2 t 2 + 3 t 3 + 4 t 4 ::: :
Given that equation (5) is nested in equation (6), the testing procedure put forward by Franses (1998) involves estimating by ordinary least squares the auxiliary regression (6), and testing the null hypothesis that the estimated coe¢ cients 2 , 3 , 4 , ::: are statistically di¤erent from zero. If these coe¢ cients turn out to be statistically di¤erent from zero then a Logistic speci…cation should be estimated; otherwise, an speci…cation based on the Gompertz curve should be preferred. It is worth noticing that since in practice values of log (y t ) may well be negative, then it would not be possible to apply the second logarithmic transformation in the lefthand side of equations (5) and (6). To overcome this, Franses (1994b) The results were obtained using the econometric software RATS 6.0, and convergence was achieved after 9 iterations. for expansion, at least for the next …ve years. As Gutiérrez and Gamboa (2008) report, mobile penetration is still low among people in the lower percentiles of the income distribution.
To assess the dependence of forecast uncertainty on the forecast horizon, Figure   3 plots the histograms of the forecast errors at forecast horizons of 1 quarter, 4 quarters, 8 quarters and 20 quarters ahead. As the forecast horizon increases, the 10 Nearly identical results were obtained when using the econometric software STATA 10.1. dispersion of the forecast errors becomes larger implying that forecast uncertainty is time-dependent.
Concluding remarks
This paper examines the di¤usion pattern of mobile telephony in Colombia. Our empirical modelling approach starts o¤ by choosing between the two functional forms that are most frequently used in the literature, namely the Gompertz and the Logistic curves. This involves the use of a formal statistical procedure that is available in the literature. Our …ndings indicate that the di¤usion pattern of mobile telephony in Colombia can be best characterised as following a Logistic speci…cation. We …nd evidence that despite the fact that the growth rate of mobile phone subscriptions has been slowing down in recent years, there is still room for further expansion, as the saturation level is expected to be reached in …ve years time. The estimated saturation level is consistent with some individuals possessing more than one mobile device. 
